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if H[i,1] > 0 then VADIPUFUNC(,0,3) else

if Hfi,1] = -1 then |

begin PUTEXT1((}); FLOP(3,1,HC[H[i,3]); PUTEXT1({)}) end else VADIPUST(i,0,3);
real procedure VADIPUCOMPFORM(,n,l); value i; integer i,n,l;

]_ggggl_ real a,b; integer p,q; switch SS:= value,diff,output,sum,product,quotient;
procedure A(a,b,st); real aj integer b; string sts
begin if 1 = 1 then VADIPUCOMPFORM:= a else if 1 = 2 then 1:= b else

begin PUTEXT1(st); OUTPUT(HIi,3]); PUTEXT1({)}) end; goto END

end; VADIPUCOMPFORM:= 1; goto SS[11; |

value: a:= VALUE(H[,1]); b:= VALUE(HIi,3]); goto SS[H[i,2]+3];

diff: p:= DIFF(H[i,1],n); q:= DIFF(H[i,3],n); goto SS[H[i,2]+3];

output: PUTEXT1({(}); OUTPUT(H[i,1]); goto SS[H[i,2]+3];

sum: A(a + b,S(p,q),4+});

product: Aa x b,S(P(p,H[i,3),P(H[i,1],0).4<H)s

quotient: A(a / b,if p = 0 A q = 0 then 0 else Q(D(P(p,H[i,3]),P(H[i,11,q)),
P(H[1,31,HIi,3]) .4/ ‘ )

END: end; |

real procedure VADIPUFUNC(i,n,l); value i; integer i,n,l3 if 1 = 3 then

begin VADIPUFUNC:= 1; INFORM FUNC(0,-HIi,1],1); PUTEXT1((});s
OUTPUT(H[1,3])s PUTEXT1()})

end;

real procedure VADIPUST(i,n,1); value i3 integer i,n,l;
begin VADIPUST:= 03 if 1 = 3 then
begin if H[i,1] = -2 V H[i,1] = -3 then
begin if H[i,1] = -2 then PUTEXT1({xA}) else
PUTEXT1yA®}); ABSFIXP(2,0,H[i,3]); PUTEXT1({)})
end else if H[i,1] = -10 then .
begin if H[i,2] < 0 then PUTEXT1({d}); PUTEXT1({U[});
ABSFIXP(1,0,H[i,3]); PUTEXT1(4}); if H[1,2] < 0 then
begin PUTEXTL(/a}); if H[i,2] = -1 then PUTEXT1(4x}) else PUTEXT1(4y}) end
end end end; |

real procedure INFORM FUNC(a,i,j); value i,j; real a; integer i,j;
begin integer fk; Boolean PUj; switc.h SS:= SIN,COS,EXP,LN,SQRT,ARCTAN;
procedure A(f,st,psi); integer psi; real procedure f; string st;
begin integer n; if i = 0 then begin fk:= fk + 1; PSI[fk,1]:= psi; PSI[fk,0]:= 1 end
else if PU then begin PUTEXTI1(st); goto END end else
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begin comment Test program for the Cauchy problem R1050 RPR 310565/39492;
integer kmaxkcmax; kmax:= XEEN(1023); kcmax:= XEEN(1023 x 1024); 1024;
begin integer k/kckakf,Xf; integer array PSI[1:6,0:2],PHI[1:2],H[0:kmax,1:3];

array HC[0:kcmax],fac[0:20]3

integer procedure STORE(i,l,j); value i,j3 integer i,1,js
begin STORE:= k:= k + 13 if k > kmax then begin PUTEXT1({k too large}); stop ends
Hlk,1]:= i3 Hk,2]:= 13 Hk,3]:= j

end3

integer procedure S(i,j); value i,j; integer i,j; S:=

if i = 0 then j else if j = 0 then i else STORE(,1,j);
integer procedure D(i,j); integer i,j3 D:= S(i,P(NUMBER(-1),j));

integer procedure P(i,j); value i,j; integer i,j; P:=

ifi=0V j=0then 0 else if i = 1 then j else
if § = 1 then i else STORE(,2,j);
integer procedure Q(i,j); integer i,j; Q:= STORE(i,3,]);

integer procedure SIN(i); integer i3 SIN:= STORE(1,0,i);

integer procedure COS(i); integer i; COS:= STORE(2,0,i);

integer procedure EXP(i); integer i; EXP:= STORE(3,0,i);

integer procedure LN(i); integer i3 LN:= STORE(4,0,i);

integer procedure SQRT(i); integer i; SQRT:= STORE(5,0,i);
integer procedure ARCTAN(i); integer i; ARCTAN:= STORE(6,0,i);
integer procedure NUMBER(c); real c;

begin kc:= ke + 13 if ke > kemax then begin PUTEXT1({kc too large})s stop end:
HC[kc]:= c3 NUMBER:= STORE(-1,0,kc)

end;

real procedure VALUE(); value i; integer i3 VALUE:=
if H[1,2] > 0 then VADIPUCOMPFORM(},0,1) else

if H[1,1] > 0 then VADIPUFUNC(i,0,1) else

if H[1,1] = -1 then HC[HIi,3]] else VADIPUST(i,0,1);

integer procedure DIFF(i,n); value i,n; integer i,n;

begin integer js j:= 23 if i = n then DIFF:= 1 elge if H[i,1] = -1 then DIFF:= 0 else
begin if H[i,2]> 0 then VADIPUCOMPFORM(i,n,j) else
E‘:H[i,l] > 0 then VADIPUFUNC(i,n,j) else VADIPUST(i,n,j); DIFF:= j

end ends

procedure OUTPUT(i); value is integer is
if H[i,2] > 0 then VADIPUCOMPFORM(i,0,3) else
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2: IP:= SUM(1,0,n[1],8UM(j,1,n[2],] x alrp,cli,jll x allp,clnl1]-1,n{2]-j1D);

ND: allp,cin[1],n[2]]]:= alp;s alrp,c[n[1]n[2]1}:= arp

nds

iteger procedure CALC ARRAY(i); value i; integer i;

_H[i,1] = -1 then begin CALC ARRAY:= ka:= ka + 1 a[ka,0]:= HC[H[i,3]] end
lse if H[i,1] = -2 V H[i,1] = -3 then

sgin integer p; p:= -H[i,1] - 1; CALC ARRAY:= ka:= ka + 13 alka,c[n[1],n[2]]]:=
if n[p] > H[i,3] V n[3 - p] 4 0 then 0 else if H[i,3] = nlp] then 1 else FAC(H[i,3])
/(FAC(n[p]) x FAC(H[i,3] - nlp]) x (if p = 1 then x0 else yO)MHIi,3] - nlp))

ad else if H[i,1] = - 10 then |

>gin integer ps p:= H[i,3]; CALC ARRAY:= ka:= ka + 1; if typelp] = -H[i,2] A
Unf1] = 0 A n[2] = 0) then f[ka]:= unknown[p] else alka,c[n[1].n[2]]]:= (if H[i,2] =
0 then ulp,n[1lnf2]] else if H[i,2] = -1 then ulp,n{1}1,n[2]x(1 + nl1]) else

if Hfi,2] = -2 then ulp,n[1],nl2l+1 (1 + n[2]) else 1) |

ad else if HI1,2] > 0 then | |

2gin integer mil,m23 switch SS:= sum,product,quotient;
procedure A(al,b,cl); real al,b,cl;
begin switch SP:= 50,51,52,53; goto SP[(sign(f[m1]+.1)+1): 2 + sign(f[m2]+.1)+2];
S0: alka,c[n[1],n[2]]]:= a1l + b X a[mi,c[n[1],n[2]]] + el X a[m2,c[n[1],n[2]11s .
goto END;
S1: f[kal:= S(NUMBER(al + c1 x a[m2,c[n[1],n[2]]]),P(NUMBER(b),f[m1]));
goto END; |
S2: flkal:= SINUMBER(al + b X a[mil,c[n[1],n[2]1]),P(NUMBER(c1),f[m21));
goto END;
S3: flka]l:= S(INUMBER(al),S(P(NUMBER(b),f[m1]),P(NUMBER(c1),f[m2])));
goto END | | ‘ | )
end; ml:= CALC ARRAY(H[i,1]); m2:= CALC ARRAY(H[i,3]);
CALC ARRAY:= ka:= ka + 13 goto SS[H[i,2]1];
im: A(0,1,1)3
roduct: A(IP(m1,m2,0),a[m2,01,(if n[1] = 0 A n[2] = 0 then 0 else a[m1,0]);
iotient: A(—IP(mz,ka,d)/a[mz,O],l/a[mz,0],—a[ka,0]/a[m2,0]);
ND: end else if H[i,1] > 0 then |
>gin integer p,j,ml; ml:= CALC ARRAY(HI[i,3]); kpsi:= kpsi + 13 psilkpsi,-1]:= i
psilkpsi,0]:= mi1; for j:= 1 step 1 _an_t_gl_PSI[Hfi,l],O] do philkpsi,jl:= ka:= ka + 13
CALC ARRAY:= philkpsi,1]; p:= if nf1] = 0 then 2 else 13
for j:= 1 step 1 until PSI[H[i,1],0] do
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begin INFORM FUNC:= f(a); goto END end
end; INFORM FUNC:= 03 PUs= i < 03 is= abs(i)s if i = 0 then
begin fk:= 0; goto SIN end else goto SS[il; ‘
SIN: if j = 2 then goto COSS; A(sin,¢sin},PHI[2]);
COsSS: Alcos 4+, P(NUMBER(-1),PHI[1])); PSI[1,2]:= PSI[fk,1]; fk:= 13 PSI[1,0]:= 23
COs: if j = 2 then goto SINN; A(cos.fcos},P(NUMBER(-1),PHI[2]));
SINN: A(sin,&},PHI[1]); PSI[2,2]:= PSIffk,1]; fk:= 2; PSI2,0]:= 23
EXP: A(exp.,fexp},PHI[1]);
LN: A(lnddn},Q(1,X6);
SQRT: A(sqrt,¢sqrt},QINUMBERC(. 5),PHI[1]);
ARCTAN: A(arctan,<|:arctan:I>,Q(l,S(1,P(Xf,Xf))));
END: end; '
procedure TAYLOR(dimension,M,F,N,x0,y0,u); value dimension,M,F,N,x0,y03
integer dimension,M,N; real x0,y03 array u;’integer array F3;
begin integer nu,m,kakpsi,K,KC,AB,l,j; integer array typell:M];
procedure INITIALIZE(i); value i; integer i3
begin AB:= AB + 13 if H[i,2] > 0 then
begin INITIALIZE(HIi,1]); INITIALIZE(H[1,3]) end else if H[i,1] > 0 then
begin integer k,l3 kpsi:=‘ kpsi + 13 I'NITIALIZE(H[i,3]); AB:= AB - 1;
k:= PSI[H[1,1],0]; nu:= if k > nu then k else nu; for 1:= 1 step 1 until k do
begin AB:= AB + 13 INITIALIZE(PSI[H[i,1],1) end
end else if H[i,1] = - 4 then AB:= AB - 1 else if H[i,1] = -10 then
begin if Hli,2] = -2 then type[H[i,3]]:= 2 else if H[i,2] = -1 A type[H[i,3]] $ 2
then type[H[i,3]}:= 1
end end;
for 1:= 1 step 1 until M do type[ll:= 05 AB:= 0; kpsi:= nu:= 0;
for 1:= 1 step 1 until M do INITIALIZE(F[1]);
begin array al1:AB,0:(if dimension = 2 then ((N-1)x(N+2)): 2 else N-1)s
integer array c[O:N—l,O:N-l],’cp[l:M,1:2],unknown}formﬁia[l:M],n[l:Z],f[l:AB],
phil0:kpsi,0:nul,psi[0:kpsi,~1:nul;
real procedure IP(lp,rp,diff); integer lp,rp,diffs
begin integer i,j; real alp,airp; switch S:= 80,S1,52;
alp:= allp,c[n[1],n[2]]]; arp:= a[rp,c[n[1],n[2]]];
allp,c[n[1],n[2]]]:= alrp,c[n[1]n[2]]]:= 0; goto S[diff+1];
S0: IP:= SUM(i,0,n[1],SUM(j,0,n[2],allp,cli,j]] x alrp,c[n[1l-i,n[2]-jiD)s goto END;
S1: IP:= SUM(i,1,n[1]1,SUM(j,0,n[2],i x a[rp,cli,jl] x a[1p,c[n[1]-i,n[2]éj]])); goto END;
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N do begin PUSPACE(8); ABSFIXP(1,0,j) end; PUNLCR; PUSPACE(16);
PUTEXT1(4ul}); ABSFIXP(1,0,1); PUTEXT1(,i,j}})
nd; PUNLCR

AYLOR;

rocedure FAC(n); value n; integer n;

integer i3 A: if n < kf then FAC:= facln] else

in for i:= 1 step 1 until 5 do fac[kf+i]:= fac[kf+i-1] x (kf+i);

ti= kf + 53 goto A | ‘

nd;

dure CHANGE(,j); value i,j; integer i,j;

H[i,1]:== H[j,1]; H[i,2]:= H[j,2]; HI[i,3]:= H[},3] ends

Jure CALCULATE(n,i,unknown); value n3 integer n; integer array i,unknown;
integer j,m,K; array c[0:n]; K:= ks m:=n - 13

» j:== 1 step 1 until n do c[jl:= VALUE(DIFF(i[n],unknown[j]));

:= - VALUE(i[n]); if abs(c[n]) < ,-10 then

n if m = 0 then begin PUTEXT1({system is unsolvable})s stop ends

= K3 j:= i[m]s ilm]:= i[n]; i[n]:= j3 m:= m - 1; goto A .

3 j= NUMBER(c[0]/c[n]); for m:= 1 step 1 until n - 1 do

if abs(clm]) < ,-10 then j else S(j,P(NUMBER(-c[m]/c[n]),unknown[m]));
\NGE(unknown[n],j); if n > 1 then i

in CALCULATE(n-;l,i,unknown); CHANGE (unknown[n],NUMBER(VALUE (unknown[n])))
ads

= -1; NUMBER(0); NUMBER(1); kf:= 03 fac[0]:= 1; Xf:= STORE(-4,0,0);
|:= STORE(-4,0,0); PHI[2]:= STORE(-4,0,0)s INFORM FUNC(0,0,0)s
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begin if f[m1] < 0 then alphilkpsi,jl,clnli],n[2]1}:= (if n[1] = 0 A n[2] = 0 then
INFORM FUNC(a[m1,0],H[i,1],) else IP(psilkpsi,jl.m1,p)/nip] +
a[psi(kpsi,jl,0] x a[mi,c[n1],n[2]1D
else f[philkpsi,jll:= S(NUMBER(IP(psi[kpsi,jl;m1,p)/nlp)),
P(NUMBER(alpsi[kpsi,jl,0]),f[m1]) |

d end else if H[i,1] = -4 then CALC ARRAY:= HIi,3];

mment Continuation of TAYLOR; K:= k; KC:= kc; n[1):= 03 n[2]:= 0;

c k= 1 step 1 until AB do

gin flk]:= -13 for j:= 0 step 1 until (if dimension = 2 then ((N-1)x(N+2)):_2
else N-1) do alk,jl:= 0 |

d; for 1:= 0 step 1 until N-1 do for j:= 0 step 1 until N-1-1 do

Lil= (G x (2 x N + 1 - §)): 2 + 13 for 1:= 1 step 1 until M do

gin tpll,1]:= typell] - 2 x (typell]: 2); tpl1,2]:= typell): 2 ends

k:= K3 ke:= KCs for 1:= 1 step 1 until M do unknown[l}:= NUMBER(0);

si:= kas= 03 for 1:= 1 step 1 until M do formula(ll:= f[CALC ARRAY(F[L])];
n[1] = 0 A n[2] = 0 then goto CALC PSI; CALCULATE(M,formula,unknown);
e 1:= 1 step 1 until M do ull,n[1}+tp[1,1],n[2]+tp[1,2]}:= VALUE(unknown[1])/(1 -
_type[l] = 0 then 0 else n[type[l]])); for j:= 1 step 1 until ka do

gln if £(i] > 0 then |

begin alj,cln[1],n[2]]l:= VALUE([j]); CHANGE({[jl,NUMBER(alj,c[n[1].n[2]1D)
2 ox | _ ,
C PSL: for j:= 1 step 1 until kpsi do

gin 1:= Hlpsilj,~11,1]; H[Xf,3]:= psilj,0]; flpsilj,0]l:= -15 for m:= 1 step 1
until PSIf1,0] do begin H[PHI[m],3]:= phi[j,m]; flphi[j,m]l:= -1 end; for m:= 1
step 1 until PSI{1,0] do psilj,m]:= CALC ARRAY(PSI[l,m])

ds if dimension = 2 Ql_(_ap_ ‘

gin n[1]:= n[1] - 15 n[2]== n[2] + 13 if n{1] = -1 then

begin n[1]:= n[2]; n[2]:= 0 end; if n[1] 4+ N then goto AA end else

gin n[1}= n[1] + 15 if n[1] + N then goto AA end;

= K3 ke:= KCj for 1:= 1 step 1 until M do

gin PUNLCR; for K:= (if dimension = 1 then 0 else if typell] = 0 then N-1

else N) step -1 until 0 do

begin PUNLCR; ABSFIXP(1,0,K); for j:= 0 step 1 until N - K - (if typell] =
then 1 else 0) do FLOP(5,1,ult,,K])

end; PUNLCRs PUTEXT1( j,i }); ABSFIXP(1,0,0); for j:= 1 step 1 until




PUTEXT1(
Results of test program for the Cauchy problem RPR 310565/39492});
begin integer K,KC,n,un,x,y,xys integer array F,U,dUdx,dUdy,xttp,yttp[1:2];
array u[1:2,0:4,0:4];
procedure A(d,M,F1,F2,x0,y0); integer d,M,F1,F2; real x0,y0;3
begin k= K3 ke:= KC3 F[1l:= F1; F[2]:= F2; PUNLCR;
PUTEXT1({The differential equation(s}}); PUNLCR; OUTPUT(F[1]);
PUTEXTL({ = 0}); if M = 2 then
begin PUNLCR; OUTPUT(F[2])); PUTEXT1{ = 0}) end;
PUNLCR; PUTEXT1({dimension M x0 (y0)}); PUNLCR;
PUSPACE(2); ABSFIXP(1,0,d); PUSPACE(10); ABSFIXP(1,0,M); PUSPACE(6);
FLOP(2,1,x0); if d = 2 then FLOP(2,1,y0); TAYLOR(d,M,F 4,%0,y0,u)
end; for n:= 1,2 do |
begin Uln]:= STORE(-10,0,n); dUdx[n]:= STORE(-~10,-1,n); dUdy[n]:= STORE(~10,-2,n);
xttplnl:= STORE(-2,0,0); yttplnl:= STORE(-3,0,0)
end; x:= xttp[1l; y:= yttp[lls xy:= P(x,y); K:= k3 KC:= ke;
n:= -1; for un:= 1,1,0,0,0 do begin n:= n + 13 ul1,n,0]:= un end; uf1,0,1%:= 0;
A(2,1,S(P(U[1],qUdy[1]),x),0,0,0)3
u[1,0,0]:= 13 |
A(2,1,S(LN(U[1]),y),0,0,0);
ul1,0,01:= 1; ‘
A(1,1,D(ARCTAN(Q(SIN(U[1]), COS(U[l]))) EXP(xttp[zl)) 0,0,0)3
u[1,0,0]:= u[2,1,1]1:= 0; u[1,1,0]:= u[200}— 13
A(1,2,D(dUdx[1],U[2]), S(dudx[2],U[1]),0,0);
u[1,0,0]:= 03 u[2,0,01:= 1; ‘
A(2,2,D(U[1],LN(xy)), D(U[2],SQRT(xy)),1,1);
ul1,0,0]:= u[2,0,0]:= -1; -
A(2,2,8(Q(1,U[1]),Q(COS(x),S(xy,1))), S(S(xy,1),P(U[2], C0s(x)),0,0);
for n:= 0,1,2,3,4 do ull O,n] = u[2,n,0] = 1/FAC(n), u[1,1,0]:= u[2,0,1]:= 0;
A(2,2,D(LN(S(dUdx[1],S(dUdy[2],1))),LN(S(xy,1))),
D(SQRT(S(D(dUdx[1], dudy(2]), 1)) SQRT(s(xy,l))) 0,0)

end
end
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Results of test program for the Cauchy problem RPR 310565/39492
The differential equation(s)

(UL 1 XdUl 1 Wyl 1)) =0

dimension M x0 (y0)
2 1 +.00  +.00

4 -,00000

3 -.00000 -.00000

2 -.00000 +,00000 ~-.50000,+0

1 +.00000  —.10000,+1 +,10000,+1 —.10000,+1

0 +.10000,+1 +.10000,+1 +.,00000 +.00000 +.00000
A 0 1 2 3 4

ul 1 ,i,j]

The differential equation(s)

n(UL 1 D+yM 1N =0

dimension M x0 (y0)
2 1 +.00 +.00

2 +,50000,+0 —.00000
1 -,10000,+1 -.00000 -.00000

0 +.10000,+1 -.00000 -.00000 -.00000
ul 1 ,i,i]

The differential equation(s)
(arctan((sin(U[ 1 1)/cos(U[ 1 DN+((=.100,+1 Ixexp(xA( 2 )))) = 0
dimension M X0 (y0) .

1 1 +.00 '

0 +.10000,+1 -.00000  +.10000,+1 +.00000
i 0 1 2 3 4
ul 1 ,i,i]
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The differential equation(s)

(dU[ 1 1/dx+((-.100,+1 UL 2 ) = 0

(dU[ 2 Vax+U[ 1 D) = 0 ‘

dimension M x0 (y0)
1 2 +.00 ‘

0 +.00000 +.10000,+1 +.00000 -.16667,+0 —.00000
ol 0 1 2 3 4
ul 1 si’j]

0 +.,10000,+1 +.00000 -.50000,+0 -.00000 +.41667,,-1
ol 0 1 2 3 4
ul 2 ,i,jl

The differential equation(s)
(UL 2 J#(-.100,+1 Ixsqrt(GelC 1 xyA 1)) = 0
dimension M x0 (y0)

2 2 +.10,+1 +,10,+1

3 +.33333,+0

2 -.50000,+0 +.00000

1 +.10000,+1 -.00000 +.00000

0 +.00000 +,10000,+1 -.50000,+0 +.33333,+0

3l 0 1 2 3 4
ul 1 ,i,j]

3 +.62500,-1

2 -.12500,+0 —.62500,-1

1 +.50000,+0 +.25000,+0 -.62500,-1

0 +.10000,+1 +.50000,+0 —.12500,+0 +.62500,-1

jol 0 1 2 3 4
ul 2 ,i,j] |
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The differential equation(s)
(((+.100,+1 )/UL 1 D+lcosxM 1 NAGA 1 xyA 1 )+(+.100,+1 1)) = 0
((AC 1 xyAC 1 )+(+,100,+1 N+HUL 2 KeosGA( 1 M) =0

dimension M x0 (y0)
2 2 +.00 +.00
3 -.00000
2 -.00000 -.00000
1 -.00000  —.10000,+1 —.00000
0 -.10000,+1 -.00000  —-.50000,+0 —.00000
joi 0 1 2 3 4
ul 1 .,i,i]
3 -.00000
2 -.00000 -.00000
1 -.00000  -.10000,+1 —.00000
0 -.10000,+1 -.00000  —.50000,+0 —.00000
sl 0 1 2 3 4

ul 2 ’i'j]
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differential equation(s)

UL 1 V/dx+(dU[ 2 1/dy+(+.100,+1 )+

2100, +1 XIn((GAM 1 Iy 1 ))+(+.1oom+1 N =
(UL 1 1/dx+((=.100,+1 XAUL 2 1/dy)}+(+.100,+1 )))+
.100,+1 Ixsqre(((xM 1 )xyA« 1 ))+(+.100,+1 )))) =
nsion M x0 (yO)

2 +,00 +,00

41667,-1
16667,+0 —. 00000

50000,+0 —.00000  -.00000 -
10000,+1 -.00000  +.50000,+0 —.00000

10000,+1 +.00000 -.00000 -.00000 -.00000
0 1 2 3 4
ul 1 ,i,j]
00000

00000 +.00000
00000 +.00000 +.00000
00000 +.00000 +.00000 +.00000
10000,+1 +.10000,+1 +.50000,+0 +.16667,+0 +.41667,~1
0 1 2 3 4
ul 2 ,,jl
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]

physical problems lead to the so=called Cauchy problem (see

)y 1.e. the .- cmmiinatica of functions Uk(x,y) satisfying
al differential equations
aU. ou.
Fl FrEL 3;” » Ukn X, y) =0
= 15 coogy Mand 1 = 19 600y M

he initial conditions

Uk(XQO) = Gk(x) for k = 1, se0p Mo

imes it is possible to express the functions Uy in the form

r series

[~<]

U (x,y) = ) L
ko 120 j20 %

i d
. . X
0lsd I
is report we will be concerned with the calculation of the T
icients N

?ksle
neral this is an elementary but tedious calculation, we made =
an ALGOL 60 procedure (called TAYLOR), by means of which a d

ter can calculate these coefficients.

sive use is made in this procedure of a set of ALGOL 60 proc
ich one can do algebra with the computer. These procedures w
ibed in section k4, they enable the user to store, differenti
ate, or output a rather general type of formulae, We remark

ilar set of procedures was used by the author in ref [1}, to
late a second-order approximation of the solution of a compl

inear problem,

quire in the sequel that the Cauchy problem (1.1), (1.2) sat
ollowing conditions
s« differential equations (1.1) and initial functions (1.2)

a
alytic in their variables in a nabourhood of the point x = 0 0




d BFl 1 = = '
et {ﬁ:}#OlnXO;YO (Tok)
aUk

" T
= M eguations

BUk BUk

F. (et -

]
1 ox Jx=0,y=0 By‘Jx=0,y=O

2 explicitely solvable for the quantities

+ U, (0,0),0,0) =0 (1.5)

au
Y Jx=0.y=o
require that these quantities are given as part of the initial

aditions.

are two cases for which condition 2 is not satisfied, but for

the Taylor coefficients may still be calculatable,
U
r a certain k, the variable 3=, does not occur in the equations

o1), but condition (1.4) still holds if Oy is replaced by

S

o

(1)

initial conditions should then be replaced by Uk(o,y) = Gk(y)9
oU

1= should be given beforehand,
X
x=0 ,7=0 U, U,
r a certaln k neither one of the variables w0 or syn enter 1in

aations (1.1), but condition (7.4) still holds if Qe is replaced
Uk°
this case one does not need an initial condition for Uko
require however (condition 3) that Uk(o.o) is given.

tant examples of these cases are 3

l(ax ’
plicit equations Fl(Uk' Xy, ¥) = 0,

linary differential equations: F Ups x) =0

stion 2 we will define the process by which the Taylor coefficients
2 calculated.

ction 3 a motivation of the general form of the Cauchy problem

oe given, together with a discussion of some literature.

>n 4 is devoted to the ALGOL 60 procedures for doing algebra on

smputer,




rocedure TAYLOR will be discussed in section 5 and in section 6
produce the program by which some test cases were calculated.

mark that the procedure TAYLOR is very inefficient with respect
mory space and calculation time.

forth=coming report howevery, we will describe a procedure which
ates an ALGOL program.

enerated ALGOL program is then intended for the actual calculation
e Taylor coefficients, and it is made as efficient as is reascnably

ble with respect to memory space and calculation time.

The Cauchy problem

der the differential equations (1.1) and differentiate the Fl

es with respect to x and m times with respect to y, obtaining

+m > 0

Mo aF a“*mpk or, PR
) (= s + 5 —) + c0o = 0 (2.1)
=1 B ey ™ % axPay

U, BUk

) %k _ k
ich Pk = 3% and Qk = ay °
involving derivatives of Pkg Q’k and U

k

31+p
e

ox” ayY

%

s

ox’ oy

with i <

2
=
©
s
Ay

< m and i+j # ntm
aitd

ai*jUk
— with 1 <n, j < m,
X syJ

erms involving partial derivatives of F. with respect to x and y

1
epresented by the dots in (2.1).

aylor series for Uk is

o x

nm

u o= 5 1 Xy
k n=0 m=0 uk,n,m

Ela
pry
o
b

Tt




(Here and in the sequel we denote the function by & capitai letter

and its Taylor coefficientsfby a small letter).

Since
a“"'"mPk
={n+ 1)} m} . -
axnaym ukan+..m
and ' f (2,2
an+ka |
— = nd (m+ 1)8 W
X 3y L ’ J

relation (2,1) is a linear relation between the coefficients u,

and
Yk ,n+1,m°

We may therefore U g

pN ymt1

.5 With

express as a function of the u, .
15153

i
1= 1, ooy, Mand {i,j)eV (see fig, 1),
Nnym

b + + + RS + +
3 -+ - ) + &+ + -+
- (nym+1)

2L 4+ + * + &

1 b + + + + + +
nym
j=0 L i | 1 i [}
i= 1 2 3 h 5 6
fige 1

fig. 1 represents a grid of points (i,j) corresponding to the index

pairs 1,3,




ukgngm*"! = A(ulsi’j> (203)

(1.3 (20’4)
\lsJ)G Vnﬁm o

the initial conditions and condition (1.5), the W s g for
-9
19 25 o0oo and can be obtained,
9 ' 9 uk9097

2 thus able to calculate consecutively the Uy for the

ot gmt1
= (1,0), (0,1), (2,0), (1,1), (0,2), (3,0), (2,1), (1,2), (0,3),
(4,0); (351)y (2,2)5 600 s

> sequel we will use the ordering of the grid points (i,j) just
indicated by the above sequence,

srdering is precisely the order of the grid points lying on the
1 line in fig. 2, drawn from (0,0) to (nym).

ch grid point we assign an index S(n,m), egual to the number

.nts preceding and including the point (n,m) on this broken line.

1 ) \ \
S(n,m) = 5 (n+m+ 1)(n +m) +m+ 1. (2.5)
i
L | + + + + + +
3 (\ + + + + + +
T
Mo
ANERN
SON (n,m)
2 -\\ N \\ X + + + +
~ N S
N \\ N \al \\
Moo ® M w
LR N RN
\\ < N RS
1K + w_ % SOk + + +
N o \ No N N
NS ~ N\
~ \ NN .
NN N N
~N ~
LN ~ <\ N\ O
N\ ~N \ <
j: A Y N AT} [ 3
i= 1 2 3 L 5 6




fige 3
The order in which the w_ are calculated, is such that S{n,m
843
increases,
In fig, 3 we illustrate which w s 3 are already calculated or k
BELE Tl )

if it is the turn to u to be calculated, these index pair

kyngmt1
lie in W °

nym
Above ye sketc%ﬁd how the Taylor coefficisnts can be calculated
the case that 3§$=enters in the differential equations.

It 1s obvious that the whole procedure can also be derived in th

18] ou. U
cases that == or both === and === are lacking in the differenti
oy 9y ax

equations,

The method just described can be laid down in an ALGOL program.
gram has to differentiate the differential equations and construc
from the derivative, the function A in equ. (2.3), by which ukgn
can be calculated. This is already done by Perlis, Iturriagia an
Standish [8].

There is however a major disadvantage attached to this approach.
This disadvantage is that the derivatives of the differential eq
on the form of which we do not want to impose heavy restrictions
in general become very lengthy so that the memory capacity of th

computer will soon be exhausted,




10se therefore an alternative method, which is more arduous

ibe but which has the advantages that, firstly the memory ca
noct as soon be exhausted and secondly it bears the possibili
ate the algebraic part of the calculation from the numerical
e calculation in two different programs (which will be the s

next report).

The structure of the differential eguatilons

e going on, we have to define the structure of the different
ions,
ction 4 this structure will be defined by means of Backus no

11 define it now in a less stringent way.

ly speaking, the differential equations are formulae in whic
operations are the algebraic operations: sum, difference, pr
uotient,

operations will be assumed to be binary.

ther constituants of the formulae are: real numbers, the var

aU, ‘
» 3§£ 5 ng X, ¥y and functions of a single parameter (the pa

e a formula itself).

the difference of two formulae: A = B, can be replaced by
=1) B, we will assume that the difference operation does not

e differential equations.

ng it more precisely, the differential equaticns may have th
2 formula F, which is recursively defined in the table below
A and B are also of the form F. We require that A and B are
licated", or contain less algebraic operations and function
F. In other words, F should be built up with a finite number
ls.




case F

b

A+B
A.B
A/B

some real number

Vi Fow
(2]
0
[
w

U k is some positive integer

X p is some positive integer
D " "

10 o(A) ¢ is some function symbol

table 1

is of the form 1, 2 or 3 we call F a compound formula, in the case

is called a number, in the cases 5 until 9, F is called a simple

and in the case 10, F 1s called a function.

the function ¢ we require firstly, that there exists a set of first
¢ ordinary differential equations

ko

i wk(x,, ®1p coos @V) for k=1,.,4,v (2.6)

iich ¢ = QT(X) is a solutiong and secondly that the value of the
:ions @v(X) is well-defined for every real X.

:he form of the functions ¥, we require that it is the same form as
‘orm of the function y, defined in table 2, in which A and B are also
1e form Y.

for ¥ require that it has a finite structure.




zase ¥

1 A+B

2 AB

3 A/B

i ¢ ¢
=

5 @c G

X

Ltable 2

unctions used in this report are the standard functions of th

(4]

60 report {ref DJ) {excluding abs and sign).

ifferential equations of these functicns are listed in table 3.

%, Y ¥
sin 2 ?1 = @2, We = =0, @2 = COS
cos 2 ?a = mégg Wg =% 3 @2 = sin
exp 1 v, = 9,
in i ¥, = 1/X
sqrt 1 ¥, = .5/¢,
arctan 3 Y, = /(7 + X.X)
table 3

s 1llustrate the form of F by means of the following examples,

39

wiil alsoc be used further on.

le 1, The differential equation F, = U, rg; + x = 0 can be brought

e form of a formula by defining the A, ..., A_




10

Ay =T,
W,
bo =5
Ay = A A,
Ah = X

F, =A_ = A3 + Ah

. . el . - +
ple 2. The 1mplicit equation F.Qg in U,i

=Y = ., = A P

9 A‘l 5! 6

ill now describe the recursive process for

ficlents fn n of Fy if it is assumed that
9

(1,37

ection 2.2.5 we will c¢lazrify this odd ass

9

! The zeroﬁg order Taylor coefficients

tart the calculation process we have to de
'is of the form 4 until 9 im table 1, then

€ 5 at the next page.

lating the Taylor

. . are known for
gty

N

0,0°
follows from
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be of the form 1; 2, 3 or 10 in table 1,

e aODO and bOQO are already calculated then fogo follows from
case fOBO
! 8,0 * 0,0
2 25,0 ~ 20,0
3 ang/bogo
10 @(aogo)
table L

the fact that A and B are defined in the same way as F but are
complicated”, it follows that all ze:m:-t«g order Taylor coefficient

e formulae constituting the differential equations {1.1) are defin

The Taylor coefficients of a number or a simple term

1y then f can be calculated

ig of the form L until 9 in table

ans of
case f
n,m
L c e 8§ o8 8. . is the Kronecker &
| 1,0 om0 iy ronecker
{n +
6 R N
{m +
7 \m 1)ukpn9m+1
8 8 8
ny,p my0
9 0
NV mep

table 5




3 The Tayivr coeliiicisen

& UCOHMPOULd fiifiv.d

F be of the form 1, 2 cr 3 in table 1,

ssume s

11 f. . are = 1 dn ol
19
1s defined
il a, . and : b0 < Bln.rt
1:d Ly =
f follows from the
nym
case f
n,m
] +
Ty n,m
noom
4 !
2 L L oa: s
i=0 J= aBJ n“‘u‘sm'm.]
1 g0
2 T " T, Pagn t L e JT 1ym=]
) LR ) 1ol Sl S Ne=l M= j
0,0 1=l j=0 9

table: 6

T R AT

eans of this table f is recursively defined; firstly with

ts indexes and secondly with riopect te thewsy in which F is

he original differential sguations (1. ) did not contain

ols, then the calculstion process, concerning fn - would be
) 1
letely defined.

us Lllustrates therefore this case by means of exampis

he coefficiants u, . . were known then each right-hand side

(453

P gy Y ratd o txes A e o ey e D
trons below 18 a well=defined nurber.




. ] ° -

N N P ) - .
ILE te LQONOLINUSA; n =4 m=0_
Smimremame

a, . = u

1y 150 15150

a, . = U, o .

25‘96 EI ]

a. . = g B . + a a,,

39w90 ’@Ogo 1’35@0 "19‘3@0 530,
a = 9
4,1,0
A B 4 Eoas, tog A
5 551,50 3,150 4,150
Lo
t The Taylor coefficients of a functicn
" be of the form i0 in table 1.
ae :
e Taylor coefficlents a; ; are already cal id for 5{i,j) < S{n,m)
» = )
1e Taylor coeffilclents ¢. . .y cooy O - . lready calculated
v 51 9d Vielgd
v S{1;3) < Slaym) = 3
e Taylor coefficlents U, . 52 ceve wv 1,5 .ready calculated
ag;).g & 2

v 8{i,3) < S{n,m) =

:mark that the zero=th coefficilents ¢, . - 1y
g v 190—0
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= ) 2.8)
% .0,0 ® %% 0] (2.8)
and Y 0,0 = wk(aogog ¢1,030*°°°’?v3050) {2.9)
erentiating the functions @k(A) with respect to x, we obtain
%
\ oA \
’5’;’1‘{’= ‘yk(AD ¢L§(A)g 006 p ‘I)\)(A)) ° “a‘;’ ® k=1gooag\)o (20101
e we have forn # 0
1 &R
) == ) 3 ¥ . . ia, . (2.11)
k,i,m n ii? jzo k,n=1,m=j 1,3°
which ¢ and thus f = ¢ can be calculated,
k,nym n;m Tonem

= 0 then we may differentiate @k(A) with respect to y and we get

° o j a . s 0 (Cc??}
p=1pM=] 15d

[ arl=]

1
¢ “m

m
|12
kynym ij k

i=0
¢k9n9m now being defined, we will determine ¢k9n5m°
aring table 2 and table 1, we observe that if F does not contain
tion symbols, then ?k would be an F, but for the variables X and ¢§D
Taylor series for these variables are however known, therefore

1) can be calculated in the same way as f in section 2.2.3
kongym n,m

alculated.

ave completely defined now the calculation process of fn n°
?
lose this section with the continuation of example 2,

ple 2. (continued) n =0 m=0

a = u,

1,0,0 = %1,0,0
3,0~ %2,0,0 T ln(aQDogo)
83 0,0 = 0
2,0 - 24,0,0 - ®2,0,0 T #3,0,0




5

5+C,0
*4,0,0 © %1.0,0
3,0 ~ 27,0,0 © a59030/369050
n=1 m=0
#151,0 T P1,1,0
1,0 = 32,490 ~ %7,0,0 #1,1,0
&3 4.0° 0

.Y

| )
a = 4
%.0.0 | 5,1,0 = 27,0,0 %6,1,0°

5 The Taylor coefficients of the unknown functions

1e end of secticn 2.2 we assumed that W, ;. vere known for all (1,3},
Rl ¥

1all now treat the more realistic case that the U 5, with (1,5) eW_ m
, PR by
5 d h T 5
3) are known and the uk9n9m+1 are unknown

ace these W o by the quantities Xko
B

m+1

?

ilate now in an algebraic way, all Taylor coefficients fn o according
gl

1e remarks in the sections above.

articular the Taylor coefficients f of the differential equations

len,m
1emselves can be calculated,

flgngm will be functions of the Xko
table 6 and formulae {2.1%) and (2.72) it follows that these

tions are linear in the Xko




equation (1
ave therefor

condition {1

the u
ukgngmf
quantities {

the matrix

dmi.

ating now th

ficients Uy
®

the examples

ple 1. (cont
Then

,0 - 820
»0 5,040

= 1

0 B Bog
@0 a59150
aQBa

= Yy ¢
50 > 71,0
,0 ~ 2u.0,0
0 8 B0

= X5 9,
0 12 ¥y
r)O - ahs /BDO
0 =08 %y g

Ny
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follows that

© l;n
near equations in
arantees that the
also be calculated
., are replace
9171 gm+ f i
set of equations

arguments as in s

e calculatable.
2 we have

let us choose u

= 0 (here we use

» a3a090 =03 ahao
5 it should be),

1 83, 9,0 = Xqb 3y
1=0 thus X, = -
13 = =1

> 83.4,0 °

Requirement (1.

= 03 aBEOQO

0,0
it should be);

9
as

» ¥5.0,0

#7,0,0

81,0 = %93 834,
0, thus X, = 0 an

1

[}

unknown quan
ties Xk can
remark that
he quantitie

= 0 1s inde

2,1 we see

=1 Y0

quirement {1

0
]




less general Cauchy problem

as 13 , Richtmyer Lﬁj and Moore Eﬁ] constructed (not in ALGOL)

=

ams for the calculation of Taylor coefficients.

auchy prcblem for which theso programs are ccnstructed have

crm

U 5U,

=t = (= U Lx,y) with 157,000, and &=',.. 1
Iy 1 9x k ? PoooE

i

her with initial conditions of the form {1.2}.

5

is & less general type than equations (1.1}
e functions Hl are of the form of a formula as defined in
section,then we may in the way as described in section 2.2,
late the Taylor coefficients h. o
lgnym

coefficients are independent of the . of course, we

1 B
}.x. gﬂ !«,ITZ‘*‘ ‘

herefore calculate immediately the U .. from
Kol g+

|
u L = = 1),
kyn mtt (mt 1) kyngm

e do not have to manipulate algebraically with unknown quantities
his simplifies the program considerably, it 15 not even necessary
e the procedures for differentiating and evaluating a formula in

omputer.

uliar fact 1s that the general form [ .1} can be brought into the

form (2.1},

8Uk
duce namely M new functions Vi = il differentiate (1.1) with
ct to y, obtaining
M dPl avy ﬁFl eV, aF. aF.
T < ) k L 1 ;
S 4 o+ Vod 4 e 0 (39)
“ 3P 9x 9¢, dy U + 3y ‘ I
k=" k % Y s J
oF.
. 7 1 N ! % ) ,
he inverted matrix of ;3f§? be éai iy then we pet the systen
g, au‘
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sjii M MR v OF aF,
=2 = + cmame
¥ L Bl Lt W )
(2.3
oU, »
3y k J

h is of the desired form.
we could have based ourselves upon the form (3.1)e

e are however, three disadvantages connected with the translation

ne equations {1.1) into (3.3).

ae has to do the differentiating and inversion (of a matrix of

unctions) oneself, with the risk of making errors.

ne formulae at the right-hand side of (3.3) will in general be far

ore lengthy than the original formulae F; in (1.1)

he initial conditions for the functions Vk should be calculated

sforehand, which is in general not easy.
e three disadvantages show clearly why we chose in favour of the

general form (1.1), though the program becomes more complicated,

difficult calculations however, are completely overtaken by the
ramo

or the more complicated form of the program, we remark that the
sdures for doing algebra within the computer, enable us to

truct still a rather lucid program.

ne articles of Richtmyer and Moore, the attention is drawn to an
rtant feature, namely that the calculated Taylor coefficients of
sr order, may become inaccurate, due to cancellation of significan

ts in additioning and subtracting.

recormend a method of calculation, in which the accuracy is also
ulated,

1is report we do not enter upon this question, since we are

Ly concerned with the general method of calculating implicitly

1ed Taylor coefficients.
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mark however, that it is possible to construct a program (see the
f section 1) which generates a machine code program in which this

d of calculation is built in.

ose this section by remarking that the conditions 1 and 2 of the
duction are sufficilent for convergence of the Taylor series for
a nabourhood of the point x=0, y=0,

follows at once from the Cauchy=Kowalewski theorem (éee Courant
rt ref Eg] Do 39)

a in fact apply this theorem for the Cauchy problem (3.3), which,
s shown, 1s equivalent to the Cauchy problem (1.1).

not enter upon questions of rate of convergence or regiocn of

rgence .

ing algebra with the computer

fine a formula by means of Backus notation (see the ALGOL 60
t rer [1]),

;= <unsigned integer> "

le term> 3:= UE<p>j | dde[<p>j l dUdy[<p>J I xttp[:<p>j ] yttpEpﬂ
tion identifier> :3= sin | cos | exp | 1n | sqrt | arctan

tion> ::= <function identifier> (<formula>)

ator> =+ | = | = | /

sund formula> ::= (<formula><operator><formula>

ila> zs= <simple term>[<number>[<function>|<compound formula>
1e definition of number and unsigned integer see the ALGOL 60 report.

formula is represented within the computer by a non=negative number,
we will call the index of the formula.
:presentation is such that different formulae have different indexes,

7 therefore identify the formula with its index.

. assume that p is unequal to zero.




Storing a formulsg

set of procedures for storing a formula consists of the integer
sdures S, D, P, Q, SIN, COS, EXP, LN, SQRT, ARCTAN and NUMBER.
ALGOL 60 definition iz given in section 6.

first four procedures stors o compound foimula, the next six

sdures store a functlon aznd the procedurs NUMBER stores a number,

vord "store” must be understood as to mean assigning to each

ila an index and storing relevant information in the arrays

integer array H[b ¢ kmax, 1 @ 3j

and the real array HC[b e kcmaxjo

integers kmax and kcmax should be chosen large enough.
sinters for the arrays H and HC; the non=local integers k and kc

ised,

she index of the stored formula be f, the indexes of the formulae
1b in the table below be a and D and ¢ a real number, then we
from this table the ALGOL statement to be used and the information

:d in the arrays H and HC.

. ALGOL statement | H[f,1]= |H[f,2]= | H[£,3]= |HC[kc]=
£ 3= Slayb) a 1 b
f s= Dia,b) a=b is converted by D into a+(=1)sb
f s= Pla,b) a 2 b
£ := Qla,b) a 3 b

‘a) f 3= SIN{a) i 0 a

‘a) f = C0S(a) 2 0 a

a) f := EXP(a) 3 0 a

1) f 3= LN{a) L 0 a

{a) f 3= SQRT{a) 5 0 a

;an{a) 1 £ ¢= ARCTAN{a) 6 0 a
f ¢= NUMBER(c) =1 0 ke c
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f“”’.“gjo PR

le 3, The formula { = arctan Q%%%??m?f$} = 3.14 is stored by
b o - LY & G ;'

means of the statesment
D{ARCTAN(Q{SIN{NUMBER({3,14)),COS{NUMBER{3,1k4)))) ,NUMBER(3, 1L}

ffect of this statement can be seen from the following table
and HC

k | EX,1 | 8k.2] § H[k,3] ko B [ke]
NUMBER | 2 | =i 0 2 2 301k
SIN 3 1 0 2
NUMBER | 4 | =1 0 3 3 3u 1l
cos 5 2 0 4
o) 6 3 3 5
ARCTAN | 7 6 0 6
NUMBER | 8 | =1 0 by I 1
NUMBER | 9 | =1 0 5 5 301k
2 10 2 9
s 11 1 10
table 8

ltimate effect is that f gets the value 11,

& in the program two formulae with fixed indexes O and 1,
formulae correspond to the numbers 0 and 1 respectively,

may be considered as the zero and the unit element in the set

rocedures S and P are constructed such that the formulas

O+ a,a+*0, Tsa,a=1,0=g;, a=0 are replaced by

a a a 0 0

(%)

f this zero and unit element 1s made within the procedure

{ for DIFFerentiating).
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erning the simple terms we remark that within the program we

are

integer array U, dUdx, dUdy [1:M], xttp, yttp[?1:POWER],

hich M and POWER are integers > 1 (see equation (1.1)),

re the differential equatlons are stored within the computer,

e array elements get the values of the indexes corresponding

he simple terms.

representation in the array H and the ordinary meaning of these

le terms follow from the table below, in which p is some positive

B&L o
ordinary k Hlk,1] |®[k,2] |H[k,3]
notation
U ulp] =10 0 p
p 1
ou
== duax [p) =10 =1 D
sU
. avdy [p] al -2 P
xP xttpEﬂ =2 0 o]
y? yttp[p] -3 0 p
table 9
: . U,
ple 1 (continued). F. = u, 3;* + x 1s stored by the statement

F[1 ¢= s(pu[i], avay[1]), xttp[i])

ple 2 (centinued), F, = 1a(U.) + y is stored by the statement

Fb‘{z? o= S(LN{UEﬂ)Q yt’tpgii)o
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perations with a formulis

is section we describe procedures for the following operations

sluating a formula i (which can only be done if the formula has
aumerical value, such as formula f in example 3 p. 21)c

is operation is carried out by the real procedure VALUE(i).

e calculated value is assigned to the procedure identifier itself.

fferentiating a formula i, with respect to some other formula n,

is is done by the integer procedure DIFF(i,n).

e index of the stored derivative is assigned to the procedure

entifier itself.

finition of the output form of a formula i on output paper tape.

is is the task of the procedure OUTPUT(i).

TPUT is used here only for checking if the stored formula is
rrectly stored.

will however, be used in a next paper for generating an ALGOL 60

ogram,

hese procedures use the real procedure VADIPUCOMP FORM, VADIPU
and VADIPUST,

rocedure VADIPUCOMP FORM determines for a compound formula the
, the derivative and the output.

rocedure VADIPU FUNC determines for a function only the output

is made of the procedure INFORM FUNC).

rocedure VADIPUST determines only the output for a simple term.

ay regard the procedures VALUEy; DIFF, OUTPUT and VADICOMP FORM
be rather basicy, they may be used for other problems.
rocedures VADIPU FUNC and VADIPUST, however, are special

se procedures, their definition depends strongly on the

cular problem under consideration.

he procedure INFORM FUNC

n the real procedure INFORM FUNC(a,i,j) is defined all necessary

mation for the functions used in this report.
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f i > 0 then the value ¢{a) is assigned to the procedure identifier.
f 1 < Q then relevant output is punched on the output paper tape.

F 1 =0 then the functions ?k in table 3 are stored in the computer,
lerefore a call INFORM FUNC (0,0,0) should precede the actual

il

smputation,

1ould be remarked that the functions ?k do not have the form of a
i1la as defined in sectilion L.

:fine therefore a psi formula by means of

o= <ynsigned integers>

term> 3= PHI£<D>3 | Xrf

[

(=N

simple

-

formuia> ::= <psi simple term>|<number> |

{(¢ps1 formulas<operator><psi formulas)

require that ¥ has the form of a psi formula.

k
le same way as in section L.! we can store a psi formula and assign
idex to 1t, by means of the procedures S, D, P, Q, and NUMBER.
(nternal pepresentation of the psi simple termsis listed below,

.s made of the ncn=local integer Xf and the non-local integer array

-]

ordinary notation k Bk, 1] |ulk,2] |E[k,3]
¢ PHI [p] =
X Xf =k 0
table 10

:mark that the array elements HEkgﬁj get values later on, in
R,

ndexes of the psi formulae are stored in the non=local inﬁeaer
- PSI[T ¢ 6, 0 : 2,
- L 3
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%))

ig report we use six different functions, the number v for each
5nnsm@olisstm@din£€l&gﬂg
cdexes are stored in PSI[j,1] and in PSI[j,2]

PSI[jgéj is only used for asine or acosine function, see table 3.

e procedure TAYLOR

eading of TAYLOR reads: procedure TAYLOR (dimension M,F,Nyx0,7%,u).
1fferential equations (1.1) can be stored in the computer by means
g procedures of section L.1,

are M differential equations, the indexes of the left=hand gides
ese differential equations are stored in the integer array F.

ugh we treated in sections 1.2 and 3 the case that the point x=0,

s the point in which the Taylior series are expanded, we shall

e here that the point where the Taylor series will be expanded

%0, y=y0.

inciple we want to calculate an infinite number of Taylor ceefficiznts,
sctice we can only calculate a finite number of them, namely e.g.

ENE 124 which n+m < l, for a certain positive integer N.
) 59\

srameters My, Fy, I, x0 and y0 are now introduved, the parameter

slon equaels 1 for one=dimensional problems and 2 for Z2-dimensisnal

ems. The parvameter u 1s a real array, the array elements u[%éncxﬂ
gl to the Y% .n,o (equ.(1+3)); moreover the initial

ficne are stored 1o ue

differential eguation is built up by means of several formuisc.

ach of these formulae the Taylor coefficients will be zalculsted.
ve to know therefore the number AB of these formulas.

necessary to know the type of the Caushy problem with respect
certaln usknown function Uk (see sectinn 1), ¥We therefore intradoce

. I »
array tyrelt @ Ml
arr: Lyre’ zj
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3 the task. cf the procedure INITIALIZE(i) to calculate

le number of formulae with which i is built up

> define the array elements tyym[}] according to the following
ible

BUk
oy Uk type [k] The symbols +, ? and = mean:
+ 0 + the quantity occurs in i
_ 2 3 ? the quantity may occur in i
+ o 5 = the quantity does not occur in

table 11

* the statement

for 1 := 1 step 1 until M do INITIALIZE(F[1])

wumber AB and the array elements are known.
wver, the number of function symbols in the differential equations
he maximum of the v's of these functicn symbols (see table 3) are

lated and are assigned to the integers kpsi and nu resp. ﬁ)

- we are interested in the ukangm for which n+n < N, it follows
the Taylor coefficients fngm of the formulae which build up the
rential equations are needed for n+m < N=1,

are AB formulae we could therefore store the Taylor coefficients
e array aEﬁ ¢ ABy, O ¢ N=7, O 3 N‘{Ia however, about half the numbe
ray elements would then be unused,
fore we store these Taylor coefficients in the two-dimensional
_all s AB, 0 : if dimension = 2 then ((Nn?} = (N+2)) % 2 else N-T]
ich the number 1 + {(N=%) = (I+2)) % 2 is just the sum of all
r coefficients f n with n+m < N=1,

=9
dministration in the array a is governed by the integer array

N-1, O ¢ H‘{]9 whose values are equal to
c[1,d] = (5= (2= m+1=j)) 2 + 1,

€ that TAYLOR 1s 1ndenendent of the special cholce of the function

i@ o
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15 way the array element a[}@cigsjjls represents the Taylor
icient with indexes 1 and j; of a certaln Tormula; we call k

avlor index of this formula.

te that this is the only time that we think in terms of efficiency
act that we use for a number, or a simple term corresponding to th
ble xpg €o8., @ full array, almost completely filled with zeros,
ry inefficient but this will be of nou interest in this report.

the purpose of a next report to take away these inefficiencies.

already said the initial conditions should be stored in the

u, corresponding of course to the type of the Cauchy problem,
mark that instead of equations (1,2) we require that the Tayior
icients uk@jso should be given, for j = 0, soe,y No
as to calculate therefore the Taylor coefficients of Gk{x}g
ehand, possibly by means of the procedure TAYLOR.

further required that ukgOQ? is given, which follows from the
bility condition (1.5},

23 not need saying that the above remarks concern the case that
%g = 2, in the other cases we need similar requirements for the
n°

ould be remarked that the integer array elements n[?j and n[?}a

as the current indexes n and m respectively.

iece of the procedure body of TAYLOR from the procedure

rations until the label AA 1s now described.

utline of the calculation process

all briefly repeat the calculation process just as it is defined

rﬁtiC)n 2o

L zero=th order Taylor coefficients for n{ﬁ} = 0, niﬁj = 0
e calculated.
s 1s possible, due to the initial conditions.

is done after a call for the procedure CALC ARRAY,
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or a certain n[}l and n[éjg the calculation of the Taylor
sefficients a[igc[n [‘515 nEQIIID should be performed.
he unknown quantities (n[2]+1)ulk,n[1],n[2]+1] are beforehan
eplaced by the formulae with indexes unknown ], for

= 1, ooop Ms (The unknown [i:j plays the role of the X in
ection 2,2,5).
ome coefficlents can then actually be calculated by means of
he remarks in section 2 (e.g., the coefficient corresponding
o a number or a power of X).
ther coefficients may not be calculatable, in the place of t
owever, formulae in the unknown'’s are stored in the integer
rray f[ﬂ ¢ ABJo
his is done again by the procedure CALC ARRAY,
et the indexes of the formulae in the unknown's for the Tayl
oefficients of the differential equations themselves, be sto
n the array elements formula Eﬂ for 1 = 1, coopy Mo
hese formulae are linear in the quantities unknown [k] with

= 15 o000y Mo
e may therefore calculate the unknown quantities.

his is done after a call for the procedure CALCULATE.

he unknown quantities being known, we can calculate firstly
[kgnfilg n[21+i] and secondly the until yet uncalculated
oefficients a[l,c[n[1], n[:e]]],, for which in £[1] a formula

as stored.

he eventually used Taylor coefficients for the functions ¥ i

ection 2.2.4 can be calculated, again by means of CALC ARRAY

he nE’!j and n[ZJ are changed such that S(n[ﬂ » n[2]) in equ.
s augmented by one, and the process is repeated until n[ﬁj

ecomes N,




1¢ procedure CALC ARRAY

1teger procedure CALC ARRAY{i) performs the following operations

means of the non-local integer ka (non-local with respect to
uC ARRAY), CALC ARRAY determines the Taylor index ka of the

Y

smula 1, The number ka is assigned to the procedure identifier

self,
C s , . . , r o]
f 1 15 & number or & simple term of the form x% or y* then
o v 2 - ~ 5 - i 3 -
Wi [ID n[’_ll] is calculated according %o table 5.
o : 7 U GU}; “
£ 1 18 a simple term of the form Uk‘ T or ‘:F then 1t may be

1t.-‘a£ka9cfn£ﬂ@ n 2]33 can be calculated by aid of the array
MMENnTE uikgl@jj o

nowever, the corresponding \:a‘[kgl,j] is not koown, then the array
:ment fEKaj is set equal to the index unknown E}{j of the formulsa
cresponding to the X‘k in section 2.2.5,

te that all f[gj are set beforehand equal to <! in TAYLOR.
srefore if f[j] > 0, it is necessarily equal to the index of &

SMUi8 .

£ 1 1s a compound formula say A * B, then CALC ARRAY determines

rstly the Taylor indexes m?! and m2 of A and B resp,

We first treat the case that both f[m‘lj and f[méﬂ’j are negative,
mn acﬁ"iicﬁnzﬂg nEij] and a,[_m2ac£n[:ﬂg nEQj]j are already
tculated and azka@cﬁnz'ﬂ 5 n[:é]m can be calculated by the statement

aela(iy n[Z]] = a1+ o= almt,e[n(i], n[2]] +
cl = aEmEacEnE‘%:} 5 nEEjj:l

P
Ul
o

which

n %jn_&‘l - -
70 e, - Bt T

i=0 3=0

1

i

IP(mt, m2, C) (see section (5.4)).

e symbol jy' iz defined in table 6).
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= atm%@j = aEmQacZOQOEI
nd
To= aEm*x ,)Oj = aZm?chOQOE

2 Secondly we treat the case that one or both i‘[:m“] and fEij
re non=negative, e.g. f[,mﬂ > 0 and f[m?J < 0,

ren afmi,c[n[1], n[Z]]] is not yet calculated, instead of it,
formula is stored with index f[mi].

1 this case e'a.[:kagc[1’1{1_]9 n[ZfB:[ can neither be calculated and
: have to store a formula which has in ordinary notation the
rm (5.1)

1e following statement stores this formuls

ka] := S(NUMBER(al + ci = a[m2,c[n[1], n[2]]]),
P{NUMBER(b), f[m1]))

>te that the actual parameters of NUMBER are ordinary real numbers.

1e other cases for which ftm&j > 0 are treated similarly,

x

"1 1s of the form A+B or A/B then we proceed in the same way as
w A+ Bo

&t 1 be a function, say ¢(A),

ile Taylor index m?! of A is calculated, the integer kpsi is
gmented by one (in TAYLOR, kpsi gets beforehand the value zero).
le index 1 and the Taylor index m! are stored in the non=local
‘ray elements psifkpsia m:f and psi Ekpsis 01 resp.

ie Taylor indexes of the functions (see equation (2.6} are

@1

'termined and stored in the non=local array elements

Li&ipsig JZo

f‘zm‘ﬁ < 0, then aEm“E gc[n[‘i":} 5 nEEjjj is already calculated

4 the agphitkpsisjz 5 c!:ntfj s nféjﬂ can be calculated by the

rmula (2.9) or (2,10),

° f“zm‘ij > 0, the Taylor coefficients for the functions ¢, can not
calculated and formulae will be stored instead of them.

r ancther time use is made of the real procedure IP,
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1e case that i is a psi simple term (H[},TJ = iy

section 5.8,

ae procedure IP

zad procedure 1P(1lp, rp, diff) becomes equal to
ff = 0 then

n{ﬁl n[ﬁﬂ

L alipseli,illvafrpscn[1]-im

i= j=0
ff = 1 then
ng‘!] ngﬂ o
* alipye[n[1]-i;n[2]-i]]i-alr
i=1 j=0
ff = 2 then

ngﬂ nggj aElp,cEnE?jmi,n[Zlujjj°j°a[:rj

i=0 j=1

he procedure CHANGE

rocedure CHANGE(i,j), changes the formula i into

he procedure FAC

eal procedure FAC(n) becomes equal to ni.

s made of the non=local inteﬁer kf and the non=1
: 20] . kf and fac[0] get the values O and 1 bef

he procedure CALCULATE

rocedure CALCULATE(n, i, unknown) calculates in
unknown quantities ng whose indexes are stored

unknown, from the n linear equations symbolical

I" =0 5 =1, eeey n

be treated

rray
do

rsive way
e integer

tten as

(5.2)
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hich the iiﬁ] are the indexes of the formulae in X o

indexes unknown £i] are actually the indexes of numbers zero

the gero element 0),
zang of the statement

J s= 1 step 1 until n do

:= VALUE(DIFF(i[n], unknown[j]))

real array elements c[}l get the values of the coefficients of
1 unknown quantities Xko
ne following statement use is made'of the fact that the integers

own 133 are indexes of numbers zero,
2= ~VALUE(i[n])

zquation (5,2) with index n can now be written as

s[j]xj = c[0], (5.3)

{h] # 0 then this equation may be solved for Xn9 and we have

. n=1
X = ?EIT {e[0] - czj c[j]xj}

J:

P

\

o
=

array element unknown &ﬂg is now set equal to the index of a
zd formule corresponding te the right=hand side of {5.4), and the
:r of equations and unknown'’s is reduced by 1,

re procedure call (in the case n > 1)
CALCULATE(n=1, i, unknown)

unknown [ﬁj become indexes which correspond to numbers whose
:s are precisely the values of the solution vector Xj
Ty co0p n=1),

2ans of the statement
CHANGE (unknown [n] , NUMBER(VALUE(unknown[n]))),

anknown [ﬁl becomes equal to the index of the number whose value

1e value of Xno
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= 1, the right<hand side of (5.4) was already a number, and
nknown Qﬂ was already set equal to the index of the number

y value 1is Xio

51 = 0 then the formula with index i[ézﬁj is interchanged
the formula with index i[hlo And the process is repeated,
rain c[ﬁi turns out to be zero then i[}wQJ is interchanged
i[hjg etco., until a formula is found zor which c[ﬁj # 0 or
. the set of formulae is exhausted.

le latter case the n equations (5.2) are singular.

*0llowing sentence 1s then punched on the output paper tape:

:em is insolvable®,

:mark that a direct matrix inversion method would certainly
to a faster calculation process of the unknown on

sompact and charming procedure which results from using the
:dures for doing algebra in the computer, urged us to publish
1 this report and to use it in the program of section 6 which

» all, we do not recommend for general use,

"illing up the open places

>w come to stage 4 of the calculation process of section 5.1
:ans of CALC ARRAY some Taylor coefficients a[j@c[niijg ntéjjj
ralculated, and some are not.

;he last ones, a formula is stored with index fZﬁ]c

Formulae with indexes unknown [k|, (k = 1, s0., M), correspond
:0 the known numbers X of section (2.2.5),

iy therefore write down the statement

alisc[n[7], n[2]]] := vamuE(£[J])

the uncalculated Taylor coefficient gets its value,
12 same way we can calculate the unknown Taylor coefficients
ngjo This is done with the auxililary integer array elements

aj] having the values
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type[1] | 0,1 | tp[i2]
0 0
1 1
2 0 1
table 12

old + w1, 1], ol + o[32]) &=

rEiunknovm[lj)f(‘é + (if type [lj=0 then 0 else nEt:ype EJ.I]))

Calculating the Taylor ceefficients of V¥

Jlling section 4.3 and secticn 5.2 point 2.4, we know that in all

differential equaticns (1.1) the number of times a function symbol

irs 1s kpsi.

us describe the calculauog of the wkg [jgnEJ for the function
¢{A) which occurred the j== time,

JALC ARRAY the index i of ¢{A) and the Taylor index mi of A are

«ed 1n psi[j gmﬁ and psi [jgoj s moreover in phi [jspjs with

i, co0opy V, the Taylor indexes of the functions ¢_(A) are stored.

e that v = PST[1,0] and 1 = H[1,7]), We now define the H[¥r,3] and

[IB;I@ 31 as to be equal to mil and phiEjEp] respectively,

:ing now at the last linc of CALC ARRAY which reads

([i,71 = =4 then CALC ARRAY := H[i,3]

recomes obvious that CALC ARRAY interprets the psi simple term

& the formula A with Taylor index m? and the psi simple terms

jp] as formulae with Taylor indexes phi[jap‘lo

11y the Taylor indexes 'psi_‘japj and the Taylor coefficients
liJ p-fg 05_;1; 1 n[?]:ﬂ of the formulae \p (A, @5 vocp (D\)) are

:rmined by the statement

p := 7 step 1 until PSI[1 ] do ps:LDQnI
! ARRAY(PSI[1,p])
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5o The ALGOL QQ program

fhe test cases worked out by the program are chosen rather ai rily.

[he results are reproduced after the program.

lhe following problems were calculated:
3U1
io U,g 3;* +x=0
with initial conditions Uj(x,O) =1+ x,

The solution of this problem is obviously

]
U1=\/(1+x)2-=2xy=1+x-w+x2y~%x2y2=x3y+’g“ 3X7y

20 In Uy +y =0

from which we have

_ _ 1.2 1.3 .1 4
u, = exp(=y) = 1 -y + zy =TV BT = e
sin U 5
3, arctan (33§-§? ) = exp(x®) =0
thus
u, = exp(xz) =1+ x° + %xh + oo
an
40'3;ﬂ - U2 =0
U
2 =
9x * U1 0

with initial conditions U1(O) = 0 and U2(0) =1

it is easily seen that

s _ 1.3 1 .5
U,ig = sin(x) = x -z + 50 X + coo
and

a v i 2 1 4
U2 = cos(x) = 1 -5 x + X = s




J2 = Pxy =0

ixpansion in the point x=1 and y=1 gives

J.o= 1n(1 + {x=1)) ° (1 + (y=1)) =

4
i

{Xzﬂ\; ’M(X;q‘ "”";{x”wﬁ = co0o *
2 3
L2 3
{xy:‘} »‘afyﬂf) +§(y=’{) X

[ . 1 ) 1 o C 3 . : 1 . 1, 2
11+ £ {x=“&} = =g= {x=1}" + = {Xx"u,iS + soofil * §<yz“n‘) = g{ym‘} +*

. 1 . i . .2 ! s » 1 _
=1+ glx=1) + 5ly=1) = glx=1)" + F'x=1){y=1) = gly=1)" +

i . T, N2 . 1, R 82 L
*glx=1)7 = =plx=1) {y=1) “’%‘g(){:v}(yx’;} + =zly- ISP

¢y + 1 % U, cos x =0

from which it follows that U, and U2 are equal.

z“izalxgmxyzs u ! 3

J.=U. = - xy + 1

P cos x 2 X ST EVF e
L1 au
n (e + —2 4 ) =1n {xy + 1) =0
\dX ey 4 - A 7
9
U, U, oy
o = ===+ 1) = Yxy + 1 =0

X dy
yith initlal conditions

1,00,9) = ¢ and U (x,0) = e
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ou
. 1 _ =4 .2 N
Evidently - XY thus Uﬁ =5 XY + e
oU, <
and == = 0 thus U, = e",
oy 2

6.1 Description of standard procedures

As input precedure we use the integer procedure XEEN(n).

XEEN can be given an integer value by means of the console.

The procedure stop, stops the calculation of the machine,
proceaure Do

As output procedures we use the procedures:
PUTEXT1{st) , punching the string st on the output paper tape.
(Note that as string quotes the symbols f and % are used),

PUNLCR, punching a "new line carriage return” symbol.
PUSPACE(n},

4

punching n space symbols.

FLOP{i,j,a), punching the real number a in floating point notation,
1 decimals of the mantissa and J decimals of the exponent.
ABSFIXP{i,j,a), punching the absolute value of the real number a

in fixed point notation, i decimals before and j decimals behind the

decimal point.

The real procedure SUM{i,n,m,ei) becomes equal to

ei 1f m > n, if m < n then it becomes equal to zerc.

vg [asl=]

1
For the integer division symbol = , the symbol = is used.
Running the program on the Electroclogica X! computer of thne Mathematical
Centre lasted sbout half an hour.
The integers kmax and kcmax got the values 320 and 64 resp. with the
aid of XEEN,

Vote that the pages of the program are ordered in such a way that one

can see every two consecutive pages in one view (except pages 6 and 7).
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